Two generalized pentagonal number based primality tests for numbers in the arithmetic progressions 1 24  n are obtained. Their application suggest a new Diophantine approach to the existence of an infinite number of twin primes of the form
Introduction
According to Riesel [13] , Chapter 4, one distinguishes between primality tests and compositeness tests. Given a number N , a successful primality test on it proves that N is prime, and a successful compositeness test proves that N is composite. A stringent primality test states a condition on N , which implies that N is prime if it is fulfilled and N is composite otherwise. Usually, primality tests are often quite complicated (e.g. the Rabin-Miller test or the AKS test by Agrawal et al. [1] , as presented in Schoof [14] ) or only applicable to numbers of a special form. For a brief history before the computer age consult Mollin [12] .
The considered pentagonal number based primality tests apply only to numbers that belong to the two arithmetic progressions 1 24  n . They exploit a relationship 
Primality test for numbers in the arithmetic progression 24n+1
Starting point are the binary functions of degree two defined by 
We claim that S-numbers of the form n S 
The second assertion is less elementary, but not very difficult to show. What is remarkable is the fact that the stated conditions characterize the totality of prime and composite numbers in this special arithmetic progression. 
Theorem 2.1 (Primality test with pentagonal S-numbers
is also a hyperbola. The transformation of variables
be a prime. In both cases, set
. Then, transforming back, one
in Case 1 and
in Case 2, which shows that n is not of the form
nor of the form
is a prime, then n is not an S-number. It remains to show that if 1 24   n N is composite, then n is an S-number. First of all, one observes that N is not divisible by 2 and 3. Therefore, this number contains a factor of the form
for some natural number 0
To be of the form
and n is an Snumber by the identity (2.3). ◊ Remarks 2.1. The study of squares in arithmetic progressions is a prominent topic, which goes back to Diophantus, who constructed three squares in arithmetic progression (see Dickson [5] , Chapter XIV). Fermat stated in 1640 that there are no four squares in arithmetic progression, which has been proved by Euler [6] , Lebesgue [11] and others (more recent proofs by van der Poorten [16] and Conrad [3] ). With the above, one sees that 1 24
is a square if, and only if, 1
, belongs to the sequence of generalized pentagonal numbers, and necessarily
, a result stated in Section 1 of Gonzàlez-Jiménez and Xarles [7] . This sequence plays a primordial role in the strong Rudin conjecture, which has been partially proved by these authors. An earlier discussion of Rudin's conjecture is Bombieri et al. [2] .
Primality test for numbers in the arithmetic progression 24n−1
Given are the binary functions of degree two 
The truncation is motivated as follows. . Now, if this is satisfied, one easily sees that T-numbers defined by (3.2) are strictly positive and strictly increasing such that the inequalities
hold. We show the following complete characterization of the totality of prime and composite numbers in the arithmetic progression 1 24  n . 
Theorem 3.1 (Primality test with pentagonal T-numbers
The hyperbola (3.4) with
is a prime, then set in both cases 
. The second factor must be non-trivial, hence 5 
and n is an T-number by the identity (3.3). ◊
Counting S-and T-numbers: application to twin primes
We state some counting formulas for S-and T-numbers and apply them to determine the number of twin primes
N . The following notations are used:
is a twin prime. With M the cardinality of the set M , one obtains the counting formula 
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In fact, the identity (4.1) and 
Alternatively, and this holds for arbitrary arithmetic progressions 1  qn , the cardinality of the set )
is determined by the following formula (as usual ) (n d denotes the divisor function, and } { 1  is the indicator function) 100  37  44  33  14  500  164  182  206  52  1000  315  333  436  84  2000  591  623  940  154  3000  871  900  1450  221  4000  1143  1152  1990  285 Together with the characterization Theorems 3.1 and 4.1 the definition of the Sand T-numbers in (2.2) and (3.2) can be used for the algorithmic generation of twin primes ) 1 24 , 1 24 (   n n below a limit N n  . Applying a sieve, it suffices to eliminate all S-and T-numbers below N n  . The remaining } ,...,
or obtain a sufficiently high lower bound for it. Equivalently, one must find an asymptotic formula or a lower bound that count the number of distinct S-and T-numbers. To achieve this seems difficult, and goes beyond the present study. However, readers specialized in the derivation of asymptotic formulas might appreciate these new possibilities. Table 4 .3 illustrates computation. To conclude, let us mention that the method of the present note has been applied in Hürlimann [8] to obtain two triangular number based primality tests for numbers in the arithmetic progressions 1 8  n . A similar application to the twin prime conjecture has also been given. Finally, we like to point out that different elementary twin prime characterization theorems have been obtained by Dilcher and Stolarsky [4] , as well as Königsberg [9] .
